Fields Institute Communications 
Volume 00, 0000 



Existence of symplectic surfaces 
Tian-Jun Li 

School of Mathematics 
University of Minnesota 
Minneapolis, MN 55455 
tjli0math.uinn.edu 

Abstract. In this paper we show that every degree 2 homology class 
of a 2n-dimensional symplectic manifold is represented by an immersed 
symplectic surface if it has positive symplectic area. Moreover, the sym- 
plectic surface can be chosen to be embedded if 2n is at least 6. We also 
analyze the additional conditions under which embedded symplectic rep- 
resentatives exist in dimension 4. 



1 Introduction 

In this paper we will address the question which 2 dimensional homology class 
of a symplectic manifold (M, uj) can be represented by an embedded symplectic sub- 
manifold. To study this problem, we first explore Gromov's beautiful h-principles 
on symplectic embeddings and immersions. We are able to give a complete answer 
in dimensions 6 and above and derive some interesting consequences. Clearly, a 
necessary condition for a class A G H2(M;Z) to be represented by an embedded 
(or an immersed) symplectic surface is that u>{A) > 0. We call such a class a 
uj— positive class. Our observation is that every uj— positive class is in fact effective. 

Theorem 1.1 Suppose (M,u>) is a symplectic manifold of dimension 2n. Let 
A be any to— positive class in H^^M^Z). Then 

1. A is represented by a connected embedded uj — symplectic surface if In > 6. 

2. A is represented by a connected immersed uj — symplectic surface if In > 4. 

Here, an embedding E C M is called symplectic if uj restricts to a symplectic 
form on E. Similarly, an immersion i : a — ► M is called symplectic if i*uj is a 
symplectic form on E. This result should also be known to some experts, e.g. see 
the recent preprint |15j . 

We also analyze in dimension 4 when the immersed symplectic surface can be 
made embedded. In view of the normal connected sum operation in [8] and [26] . it 
is a very important question. We will analyze some obstructions and also describe 
several constructions. 
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2 Symplectic surfaces via h-principles 

2.1 Smoothly embedded surfaces, monomorphisms and h-principles. 

In this section E is a closed oriented surface. We first collect some basic and well- 
known facts of representing a homology class of degree 2 by E. 

Lemma 2.1 (see Hopf [10 ) Let M be a connected oriented smooth manifold 
of dimension 2n and A a homology class of degree 2. Then A is represented by a 
continuous map from an oriented surface E to M. 

Lemma 2.2 Let M,A be as in Lemma 2.1 and suppose that A is represented 
by a continuous map f from an oriented surface E to M . Then 

1. When 2n > 6, f : E > M is homotopic to an embedding of E into M . 

2. When 2n — 4, / : E — > M is homotopic to an immersion g : E > M ; 

and the double points of the immersed surface g(E) can be eliminated to get 
an embedded surface of higher genus still representing A. 

Lemma 2.2 follows from the standard transversality theory: the continuous 
map / can be first perturbed to an immersion when 2n > 2 ■ 2; furthermore the 
immersion can be approximated by an embedding when 2n > 2 ■ 2 + 1. 

When 2n > 4, any disconnected embedded (or immersed) surface can be tubed 
to get a connected embedded (or immersed) surface representing the same class. 
Thus, following from Lemmas 2.1 and 2.2, we have 

Proposition 2.3 (see Thorn 36]) Let M be a connected oriented smooth man- 
ifold of dimension 2n > 4 and A a homology class of degree 2. Then 

1. A is represented by a connected embedded surface. 

2. If A is a spherical class, then A is represented by an embedded sphere if 
2n > 6 and an immersed sphere if 2n = 4. 

Here, a class is said to be spherical if it is represented by a continuous map 
from S 2 to M . In other words, it is in the image of the Hurewicz homomorphism 
tt 2 (M) — ►Zr 2 (M;Z). 

Now we study the the space of real and complex monomorphisms between 
bundles over E. 

Lemma 2.4 Let E be a closed oriented surface and E and F be complex vector 
bundles over E with real dimensions 2 and 2n > 4 respectively. Then the space of 
complex monomorphisms Monoc(E, F) is non-empty and connected. And the space 
of real monomorphisms MonoK_(E,F) is non-empty and connected if 2n > 6. 

Proof Let us first consider the bundle HOMc(E,F) of complex homomor- 
phisms. The stratified subbundle of singular homomorphisms has complex codi- 
mension n. By transversality, if 2n is bigger than the real dimension of the base 
which is 2, then a generic complex homomorphism is a complex monomorphism. 
And if 2n > 2 + 1, then every generic complex homomorphism over E x [0, 1] is a 
complex monomorphism. Thus the claim about Monoc(-E, F) is proved. 

Let us now consider the bundle HOMr(_E, F) of real homomorphisms. The 
stratified subbundle of singular homomorphisms now has real codimension [2 — (2 — 
l)][2n - (2 - 1)] = 2n- 2 + 1 = 2n- 1. By transversality, if 2 < 2n- 1, i.e. 2n > 4 
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then a generic homomorphism is a monomorphism. Furthermore, if 2 + 1 < 2n — 1, 
then a generic path of homomorphisms consists of monomorphisms only. The proof 
is now complete. □ 

Remark 2.5 When 2n = 4, a simple obstruction theory argument can be used 
to show that the connected components of the real monomorphisms MonoR(-E, F) 
are indexed by the Euler number of the quotient bundle, which can be any integer 
congruent to ci(F) — c\(E) modulo 2. For a complex monomorphism, the Euler 
number of the quotient bundle is of course equal to c\{F) — c\{E). For more on 
complex and real monomorphisms see |13) . 

Recall the notion of the normal Euler number of an immersion of an oriented 
surface in an oriented 4-manifold. Given an immersion / : £ — > M , the differential 
Df is a monomorphism from TS to the pull-back bundle f*TM. The normal 
bundle N(f) of / is then the quotient bundle of f*TM by D/(TE), and the Euler 
number of N(f) is called the normal Euler number of /. Suppose A is represented 
by a continuous map from S. We can apply Remark 2.5 and Hirsch's fundamental 
result on immersions in [9] (which can be considered as the h-principle for smooth 
immersions) to realize A by an immersion from S to M with any normal Euler 
number as long as it is congruent to A ■ A modulo 2. 

Now we state the relevant h-principles on symplectic embeddings and im- 
mersions (see [6]). We first need to introduce several definitions. Let (M,ujm) 
and (V,clv) be symplectic manifolds of dimensions 2n and 2q respectively. Let 
/ : V — ► M be a continuous map and F : TV — ► TM be a real homomorphism 
which covers /. The map / is called an isosymplectic immersion if f*u>M = LOy, 
and it is called a isosymplectic embedding if it is also a smooth embedding. Notice 
that a symplectic immersion is automatically a smooth immersion. The homomor- 
phism F is called symplectic if F*ujm is non-degenerate and /*[ujm] = [wv], and F 
is called isosymplectic if it is symplectic and F*u>m = ■ Notice that symplectic 
and isosymplectic homomorphisms are necessarilly monomorphisms. 

We begin with the embedded version. 

Theorem 2.6 (Gromov's isosymplectic embedding theorem) Let (M,uim) and 
(V,u>v) be symplectic manifolds of dimensions 2n and 2q respectively. Suppose that 
an embedding fo : V — ► M satisfies the cohomological condition /q[u>m] — [^v]> 
and that the differential Fq = Dfo is homotopic via a homotopy of monomorphisms 
F t : TV — > TM covering fa to an isosymplectic homomorphism Fi : TV — > TM . 
If V is closed and 2n > 2q + 4, then there exists an isotopy ft ■ V — > M such that 
the embedding f\ : V — ► M is isosymplectic and the differential Dfx is homotopic 
to Fx through isosymplectic homomorphisms (with varying base maps). Moreover, 
one can choose the isotopy ft to be arbitrarily C° — close to fa. 

Next is the immersed version. 

Theorem 2.7 (Gromov's isosymplectic immersion theorem) Let (M,ujm) and 
(y,u)y) be symplectic manifolds of dimensions 2n and 2q respectively. Suppose a 
continuous map fo : V — > M satisfies the cohomological condition / *[wm] = \u>y\, 
and that fo is covered by an isosymplectic homomorphism F : TV — ► TM. If V 
is closed and 2n > 2q + 2, then there exists a homotopy f t : V — ► M such that 
fx : V — ► M is an isosymplectic immersion, i.e. f*^>M — wy, and the differential 
Dfx is homotopic to F through isosymplectic homomorphisms. 
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Notice that, unlike the embedded case, /o is not assumed to be an immersion. 
And even when / is an immersion, F is not necessarilly homotopic to Df via a 
homotopy of real monomorphisms. 

In general, it is not easy to verify the conditions required in these two theorems. 
However, for embeddings and immersions of symplectic surfaces, we can effectively 
use almost complex structures to achieve these conditions. 

2.2 Existence and some consequences. We first briefly review how almost 
complex structures come into play. Given a non-degenerate 2— form r and an 
almost complex structure J on M, we say r and J are tamed by each other if 
t(v, Jv) > for any non-zero tangent vector v. Notice that a closed 2— form on M 
is a symplectic form if and only if it is tamed by J G J u . Let u be a symplectic 
structure on M, and J7"u, be the space of the almost complex structures on M 
tamed by u>. Then for any J G J^, an embedded or immersed J— holomorphic 
submanifold is oj— symplectic. Conversely, any embedded symplectic submanifold 
is J— holomorphic for some J G J u . 

Proposition 2.8 Suppose (M,u) is a symplectic manifold of dimension 2n 
with symplectic canonical class K u . Let A be a homology class in Hi{M\1) with 
co(A) > 0, E be a connected oriented surface of genus g, and f : E — ► M an 
embedding representing A. Then 

1. There exists an embedding f\ : E > M such that /i(E) is a symplectic 

surface representing A if 2n > 6. 

2. There exists an immersion fi : E — ► M such that /i(E) is a symplectic 
surface representing A if 2n = 4. Moreover the normal Euler number of the 
immersion fi is given by the adjunction formula 2g — 2 — K w (A) . 

Proof We first assume 2n > 6 so that the codimension 4 condition in Theorem 
2.6 is satisfied. 

Let j be a complex structure on X and J be an almost complex structure 
on M tamed by ojm- By Lemma 2.4, we can find a complex monomorphism Fi 
which is homotopic to the real monomorphism Fo = Dfo via a homotopy of real 
monomorphisms covering /o. 

To find an isosymplectic homomorphisms required in Theorem 2.6, we need the 
following two lemmas. 

Lemma 2.9 For any complex monomorphism F : (TE,j) — ► (TM,J) cov- 
ering fo ■ S ► M , F*u>m is non- degenerate on TE and is a closed 2-form with 



Proof F*ujm is closed on E since it is a 2-form on a 2-manifold. Since J is 
tamed by wm, we have lom(v, Jv) > for any x in M and any non-zero v G T X M . 
Since F is a complex monomorphism, we have F(v) ^ in Tf t z \M, and 



Lemma 2.10 Let Go be a complex monomorphism from (TE,j) to (TM,J), 
and R be any positive real number. Then Go is homotopic via a homotopy of 
complex monomorphisms to a complex monomorphism G\ such that 



/ E F*u>m > 0. 



F*w M (v,jv) =u M (F(v),F(jv)) =u M {F(v), J(F(v))) > 0, 
for any non-zero v G T Z H. 



□ 
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Proof By Lemma 2.9, r = GqLUm > 0. Since, for any positive real number 
t, tG is still a complex monomorphism with (tG)*u> = i(G*w), we find that 

G t = [(l-t) + t-]G 
r 

is a required homotopy. □ 

Applying Lemma 2.10 to Go = Fi and R = ujm(A), we obtain a complex 
monomorphism i*i = G\ which is homotopic to Fi via a homotopy of (complex) 
monomorphisms covering /q and satisfies 



s 



Notice that the monomorphism Pj is homotopic to Fq = Dfo via a homotopy 
of real monomorphisms covering fo since Fi is assumed to be so. Now if we let 
ws = FiLOm, then [w^] = / *[wj;], and moreover is a symplectic form on E by 
Lemma 2.9. 

We have shown that -Ft is the required homotopy, therefore we can apply Theo- 
rem 2.6 to (E, ws), {M, wa/),/o and F t to conclude that fo is isotopic to an embed- 
ding /i such that f*u>M =ws. In particular, /i(E) is an embedded wm— symplectic 
surface representing the class A. 

Now we assume that 2n = 4. Since the isosymplectic immersion theorem only 
requires codimension 2, it can be applied to this case. 

By Lemma 2.4, there exists a complex monomorphim G : (TE, j) — > (TM, J) 
covering /o whose quotient complex line bundle has Euler number 

/ / *d(TM, J) ~ [ ci(TE,j) = -Jr w (A) - (2 - 2 ff ). 

Applying Lemma 2.10 to Go = G and R = u>m(A), we obtain a complex monomor- 
phism F = Gi which satisfies 

Jt, 

Now let ws = F*ojm, then [wj] = / *[wm], and us is a symplectic form on E by 
Lemma 2.9. 

We have shown that F is the required isosymplectic homomorphism, and there- 
fore we can apply Theorem 2.7 to (E, we), (M, u>m), fo and F to conclude that fo is 
homotopic to an immersion /i such that fiU>M — ^e- In particular, /i(E) is an im- 
mersed lom —symplectic surface representing the class A. The proof of Proposition 
2.8 is now complete. □ 

Proof of Theorem 1. It immediately follows from Lemma 2.1, Proposition 2.8 
and the first part of Proposition 2.3. □ 

Remark 2.11 The same method can be used to show that the symplectic 
surfaces in Theorem 1.1 are symplectically isotopic. 

As we will see in §3.2, there are other constructions of symplectic submanifolds. 
For an integral symplectic manifold (M, u), Donaldson [3] uses an approximately 
holomorphic technique to construct codimension 2 sympletic submanifolds repre- 
senting the Poincare dual to high multiples of the [w]. In fact, Donaldson is able to 
show that any closed symplectic manifold contains symplectic submanifolds of any 
even codimension. There have been various generalizations (see e.g. pQ, [24] . [28]). 
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However, the constructed symplectic submanifolds only represent homology classes 
close to the Poincare duals to the powers of [oj] . For 2-dimensional symplectic sub- 
manifolds, the h-principle applies to any class of degree 2. And we have better 
control of the genera of the symplectic surfaces. In particular, for manifolds which 
are not symplectically aspherical, we can find symplectic spheres. Recall that a 
symplectic manifold (M, oj) is said to be symplectically aspherical if [oj] vanishes 
on the image of the Hurewicz homomorphism ^(M) — > Hi(M; Z). The following 
result is a direct consequence of Proposition 2.8 and the second part of Proposition 
2.3. 

Corollary 2.12 Suppose (M,oj) is a symplectic manifold of dimension 2n. Let 
A be a spherical homology class in ff 2 (M; Z) with oj(A) > 0. Then A is represented 
by an immersed to— symplectic 2— sphere; and if 2n > 6, A is represented by an 
embedded oj— symplectic 2— sphere. In particular there are symplectic spheres in 
(M, oj) if and only if it is not symplectically aspherical. 

Specifically, when M is simply connected, by the Hurewicz Theorem, every 
class of degree 2 is spherical, and hence represented by an embedded symplectic 
sphere if 2n > 6 and an immersed symplectic sphere if 2n = 4. 

Since an embedded symplectic submanifold is J— holomorphic for some J £ , 
we also have the existence of embedded pseudo-holomorphic curves. 

Corollary 2.13 Let {M,oj) be a symplectic manifold of dimension at least 6, 
and A a 2 dimensional homology class with oj(A) > 0. Then A is represented by an 
embedded J— holomorphic curve for some J e J w . And if M is simply connected, 
A is represented by an embedded J — holomorphic sphere for some J e J u . 

However, in dimension 4, the immersed symplectic surfaces obtained in Propo- 
sition 2.8 cannot always be chosen to be pseudo-holomorphic. In fact, an immersed 
symplectic surface is J— holomorphic for some J if and only if it is positively im- 
mersed, i.e. all the double points are positive double points. On the other hand, 
we will see from Lemma 3.16 that, for a fixed class A, the existence of a simple 
pseudo-holomorphic curve (not necessarily embedded) is equivalent to the existence 
of an embedded symplectic surface. 

We end section 2.2 by showing that Theorem 1.1 implies a duality between 
surface cones and symplectic cones over Q. We first need to introduce several 
definitions. Let V be a vector space over Q or R and V* be the dual space of V. If 
U is a subset of V, the dual of U is the subset U* in V* given by 

U* = {a£ V*\a(v) > for any v e U }. 

In the following, V would either be H 2 (M;R) or H 2 (M;Q). 
Define the oj— effective set A u by 

A u = {A G H2(M; Z)\A is represented by an embedded oj— symplectic surface}. 

In terms of this definition, Theorem 1.1 is then simply the following statement. 

Corollary 2.14 7/2n > 6, then we have A u = [oj]* n H 2 (M; 1), where [oj]* is 
the real dual of [oj] . 

If we define the rational oj— surface cone S2 (real oj— surface cone S^) as the 
convex cone in H2(M; Q) (iJ 2 (M; R)) generated by Aw, then we have the following 
weaker version of Theorem 1.1. 
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Corollary 2.15 The lo— surface cones are given by 

SS = M*n# 2 (M;Q), 5J = M*. 

Proof It is clear from Theorem 1.1 that a rational point in [lo]* is in S®. Since 
any class in Au> has positive w— area we always have C [lo]*. Thus we obtain 
the first equality. To further show that <S* = [lo]*, we notice that [u>]* is an open 
subset of £f 2 (M;R). Hence, as observed in (2], every class v G [lo]* can be written 
as " = Si "i with each Vi on a rational ray in [lo]* . Thus i> G <S* as each is in 

sS- □ 

We can generalize the duality to a family of symplectic forms as follows. Let 
now M be an oriented smooth manifold and f2(A/) be the space of orientation- 
compatible symplectic structures on M. There is a natural M + action on fl(M) 
obtained from multiplying a symplectic form by a positive real number. Let W be 
any subset of fi(M) invariant under the R + action. Then the W— symplectic cone 
is defined as 

C w = {[lo] G H 2 (M;R)\lo G W}, 
and the intersection of Cw with H 2 (M;<Q) is called the rational W— symplectic 
cone. The subset of ff 2 (Af;Z), Aw = rWvvAn is called the W— effective set. We 
similarly define the rational W— surface cone S w as the convex cone in iJ 2 (M;Q) 
generated by Aw . We can similarly define „4™ m and immersed versions of other 
concepts. 

Now we can state the duality between the rational W— surface cone and the 
rational W— symplectic cone. 

Corollary 2.16 Suppose M is a closed, oriented manifold of dimension In 
admitting symplectic structures, i.e. Q(M) is nonempty. If 2n > 6, then for any 
subset W C £l(M), we have 

A w = {A G H 2 (M; Z)\lo(A) > for any lo G W}. 

Consequently, the rational W— surface cone is dual to the rational W— symplectic 
cone over Q. 

Remark 2.17 Notice that we do not in general have the duality over R. This 
is because when the quotient of Cyy under R + is non-compact, the real dual of Cw 
may have boundaries containing irrational rays. 

When 2n — 4, the conclusion in Corollary 2.16 is still true for the immersed 
rational W— surface cone. However, as can be seen from the next section, for the 
embedded surface cone, we can only expect the duality to hold for minimal 4- 
manifolds with b + = 1. Such a duality has been verified in |18j for several classes 
of such manifolds in the case W is Qk(M) — {lo G £l(M)\K LJ = K} for some 
KeH 2 (M;Z). 

3 Embedded symplectic surfaces in 4-manifolds 

Let (M, lo) be a symplectic manifold of dimension 4. One distinctive feature of 
embedded symplectic surfaces in this dimension is the adjunction formula: Given 
a lo— positive class A, if it is represented by a connected symplectic surface, then 
the genus g of such a surface is uniquely determined by the adjunction formula, 

2g-2 = K ul (A)+A-A. 

We call it the lo— symplectic genus of A and denote it by g^A). 



8 



Tian-Jun Li 



In fact, the generalized Thorn conjecture f [14) . [25] . [17] , and [27] ) asserts that 
gaj (A) is smaller than or equal to the genus of any smoothly embedded connected 
surface representing A. We should point out that the adjunction formula also 
applies to a surface E with several components Ex, Ej, provided that we define 

the genus to be Yli=i ff(^i) — — !)■ 

We know from Theorem 1.1 that every lo— positive class is represented by a 
connected immersed symplectic surface. We would like to know which uj— positive 
class is represented by an embedded symplectic surface (not necessarily connected). 
We will first analyze some obstructions and then describe several constructions. 

In this section we will sometimes identify a cohomology class in H 2 (M; Z) with 
its Poincare dual in Hi(M\ For instance when we say a cohomology class e is 
realized by a surface E, it means that the Poincae dual to e is represented by E. 

We remark that, for the isotopy problem of embedded symplectic surfaces 
in this dimension, there are both uniqueness and non-uniqueness results (see [7] 
and [32]). 

3.1 Obstructions. There are several obstructions to represent a uj— positive 
class by a connected embedded symplectic surface. We begin with the elementary 
constraint from the uj— symplectic genus. 

Lemma 3.1 If g u (A) is negative, then A cannot be represented by a connected 
embedded symplectic surface. Thus, if A has negative square and k is a sufficiently 
large integer, then kA cannot be represented by a connected embedded symplectic 
surface. 

Proof The first claim is obvious since the uj— symplectic genus of a class A 
is the genus of any connected embedded symplectic surface representing A and a 
connected surface must have non-negative genus. The second claim follows from 
the domination of (kA) by kA ■ kA if A ■ A < and k is large. □ 

Many classes with positive squares may also have negative g^ (A) . The following 
is an explicit example. 

Example 3.2 Let M = CP 2 #2CP 2 with a symplectic form uj in the class 
PD(A_ff — Ei — Eq) for some A > 2, where H is the positive generator of ^(CP 2 ; Z) 

and Ei and E^ are the positive generators of the H2 of the CP . Consider the class 
A = 3H — 2Ei — 2E2- It is uj— positive and has square 1. As the symplectic canonical 
class K u is the Poincare dual to — SH + Ei +E2, we have K UJ (A) = -9 + 2 + 2 = -5 
and hence gu{A) = — 1. Thus A has no connected symplectic representative. 

The to— symplectic genus can also be used to show that some classes with dis- 
connected symplectic representatives do not have connected representatives. The 
following is such an example. 

Example 3.3 Let M — S 2 x T 2 with a product symplectic form ui. The class 
A = 2[S 2 } is represented by two disjoint parallel embedded symplectic spheres. 
These two symplectic spheres can be tubed to a smoothly embedded sphere C 
representing A. However, C cannot be a to— symplectic sphere. As a matter of fact, 
there is no connected symplectic representative of A as K^dS 2 ]) = —2 and hence 
the to— symplectic genus of A is equal to —1. 

The second obstruction is the following Hi— rank invariant b(A) introduced by 
B. H. Li and the author. 
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Definition 3.4 Consider a map from a surface E (possibly disconnected) to 
a smooth 4-manifold M representing the homology class A. The pull back of 
H 1 (M; R) is a subspace of H R). The rank of the skew-symmetric cup product 
restricted to this subspace is an even integer. Let b(A) be half of that integer. 

It is not difficult to show that b(A) only depends on the class A using a bordism 
argument. In fact, W. Browder pointed out to us that b(A) is half the rank of 
the skew-symmetric pairing on H 1 (M;M.) given by < a, b >a= (o U b)(A). This 
is simply because, if / : E — ► M is a map representing the class A, then, for 
a,b £ H 1 (M; R), we have (f*a U /*&)([£]) = (aU6)(i). 

With this interpretation of 6(A) we see that b(A) < b\(M)/2. Notice also that 
if there is a map from a connected surface E to M representing A, then b(A) < <?(£). 
From the latter inequality we obtain the following constraint. 

Lemma 3.5 If g u (A) < b{A), then A cannot be represented by a connected 
symplectic surface. 

Here is an example where Lemma 3.5 can be applied. 

Example 3.6 Let M = £ X £' be the product of two surfaces of genus 2 with 
a product symplectic form u>'. Choose a pair of disjoint non-homologous circles 71 
and 72 in E and similar pair of circles j[ an( A 72 m £'. Then T\ = 71 x 7^ and 
T2 = 72 x 7 2 are embedded Lagrangian tori in M. By an observation of Gompf 
in [§], a/ can be deformed to a symplectic form lo making T\ and T2 w— symplectic. 
Let T be the union of T x and T 2 and A be the class [T] . Then A ■ A = and 

= = (2[E] + 2[E']) ■ ([Ti] + [T 2 ]) = 0, 

hence g u {A) = 1. On the other hand, b(A) = 2, as Hi(T;M) has rank 4 and injects 
into Hx(M;R). 

Remark 3.7 We say a class A is big if A • A > 0. We note that, for a big 
and uj— positive class A and a large integer /c, the to— symplectic genus of kA is 
dominated by the positive term k 2 A ■ A, while b(kA) is always bounded by bi(M). 
Thus the constraints from g u (A) and b{A) disappear for a sufficiently large multiple 
of a big and lo— positive class. 

From the remark above, to get a general existence result we should focus our 
attention to big and lo— positive classes. It turns out there is yet another obstruction 
for big and lo— positive classes, which comes from the stable classes. 

Definition 3.8 A homology class B is said to be stable if B is J— effective for 
any J £ i.e. it can be represented by a J— holomorphic curve. 

In fact, it follows from the Gromov-Uhlenbeck compactness that B is stable 
if B is J— effective for a dense subset of J e X. Moreover, it follows from the 
regularity theorem for pseudo- holomorphic curves (Proposition 7.1 in |34j ). that a 
stable class of a minimal manifold must satisfy —K UJ (B) + B ■ B > 0. 

Lemma 3.9 Suppose A is realized by an embedded symplectic surface, each 
component with non-negative self-intersection. Then a —PD(A) is non-negative on 
any stable class. 

Proof This is based on the intersection property of pseudo- holomporphic curves. 
We can easily construct an lo— compatible almost complex structure J such that any 
component Cj of C is a connected embedded J— holomorphic curve. By definition, 
a stable class S £ H2(M; Z) is represented by a union of irreducible J— holomorphic 
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curves D — UjDj, where each Dj might be singular and has multiplicity rrij > 0. 
In any case, CD = ^\ j mjC\-Dj. If C, ^ Dj, then C L -Dj > by the positivity of 
intersections of distinct irreducible pseudo-holomorphic curves in |21j . If Ci = Dj , 
then Ci ■ Dj — Ci ■ Ci, which is also non- negative by assumption. Thus we have 
shown that a(S) — A ■ S — C ■ D is non-negative. □ 

Currently, the only way to tell whether a class is stable or not is to evaluate the 
Taubes-Witten invariants or the Gromov-Witten invariants of this class (see 
The Taubes-Witten invariants of a class A, like the more well-known Gromov- 
Witten invariants, also count pseudo-holomorphic curves of fixed genus representing 
A, however the curves are now allowed to be disconnected. A class is called a TW 
class if some Taubes-Witten invariant of this class is non-trivial. GW classes are 
defined in the same way. Certainly a TW class or a GW class is a stable class. 

An important property of both the TW invariants and the GW invariants is 
that they are invariant under deformation of the symplectic forms. We use this 
property to give a different argument for the obstructions coming from the TW 
classes (the same argument works for the GW classes as well). 

Suppose W is a TW class and A is represented by an embedded uj— symplectic 
surface C with each component having trivial or positive normal bundle. By the 
inflation process in [20] . for any t > 0, the class [u>] + tPT)(A) is represented by 
a symplectic form u) t deformation equivalent to uj. Since TW classes only depend 
on the deformation equivalence class of symplectic forms, W is a still a TW class 
for any uj t and therefore we have uj t (W) > 0. However if PD(A)(W) < 0, then 
[oj] + tPB(A) is negative on W for t large. Thus we must have PD(A)(W) > to 
begin with. 

An immediate consequence of Lemma 3.9 is the following 

Corollary 3.10 Suppose A is an oj— positive class with A ■ A > and is 
represented by a connected embedded symplectic surface, then PD(A) is positive on 
any stable class. 

As observed in |23j . the class of a symplectic —1 sphere is a Gromov-Witten 
class. Therefore, if a uj— positive homology class A with A ■ A > has negative 
intersection with such a class, it cannot be represented by a connected embedded 
symplectic surface. Actually, if we notice that in Example 3.2, the class H — E\ — E% 
is the class of symplctic —1 sphere and A ■ (H — E\ — E-x) = —1, we may reach the 
same conclusion by Corollary 3.10. 

So far it is not clear to the author whether there are other obstructions: i.e. 
whether there is an uj— positive class A which satisfies g u (A) > b(A) and is posi- 
tive on the stable classes but not representable by a connected symplectic surface. 
Vidussi |33j showed that for fibered 3-manifolds N, there are obstructions for the 
symplectic 4-manifold M = S 1 x N coming from the Seiberg-Witten monopole 
classes of N, But from Taubes' picture |34j linking solutions to the Seiberg-Witten 
equations and the pseudo-holomorphic curves, it is possible these monopole classes 
of N may give rise to stable classes of M. 

3.2 Constructions. Having discussed some obstructions to the existence of 
connected embedded symplectic surfaces we now describe several constructions. In 
view of Remark 3.7, we will focus on the large multiples of big and uj— positive 
classes whose Poincare duals are non-negative on stable classes. 

The prototype of a big and uj— positive class which is positive on any stable 
class is the Poincare dual to the class of an integral symplectic form. For such 
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classes we have the following beautiful result of Donaldson already mentioned in 
§2. 

Theorem 3.11 If PD(A) is sufficiently close to the ray generated by [uj], then 
a sufficiently large multiple of A is represented by a connected embedded symplectic 
surface. In particular, if [uj] is an integral class then sufficiently large multiples of 
PD(\uj\) are thus represented. 

The starting observation for this theorem is that, in a symplectic vector space 
(V,u>), a small perturbation of a symplectic subspace remains symplectic. In par- 
ticular, a subspace is symplectic if it is close to a complex subspace (for some 
J G Ju(V)). The folowing lemma in 3 makes it precise. 

Lemma 3.12 Let f : C" — > C be M— linear with f = a' + a" , where a 1 
(respectively a") is C— linear (respectively C— antilinear) . If \a"\ < \a'\, then f is 
surjective and ker[f) is a symplectic subspace of C n . 

To describe Donaldson's construction we first assume that [uj] is an integral 
class. In this case there is a complex line bundle L over M with the c\(L) = [u>], 
and the codimension 2 submanifolds are obtained as the zero sets Q s of suitable 
transverse sections s of L® k for large k. More precisely, fix a compatible almost 
complex structure J on M and choose a connection on the line bundle L whose 
curvature is uj. The connection on L gives rise to operators dj and dj on sections 
of L and hence L® k . Given a section s of L® fc and a point x <E M, \djs\ and \djs\ 
when restricted to x are respectively the holomorphic and anti-holomorphic parts of 
the differential of s at x, viewed as a map between the complex vector spaces T X M 
and T X fiL® k . Thus by Lemma 3.12 if there are sections such that \djs\ < \djs\ on 
Q s then Q s is symplectic. Such sections are called approximately holomorphic and 
are shown to exist by Donaldson. This construction clearly applies to symplectic 
manifolds with rational symplectic forms. As for a non-rational symplectic form, 
we can always approximate it by rational symplectic forms. 

The following well-known result of Kahler surfaces suggests that we actually 
should be able to go far beyond the ray generated by PD([w]). 

Lemma 3.13 Suppose uj is a Kahler form on a projective surface M, and A is 
a big class Poincare dual to an integral cohomology class of type (1, 1). If we further 
assume that PD(A) is positive on all holomorphic curves, then a sufficiently large 
multiple of A is represented by a connected embedded symplectic surface. 

Notice that here PD(A) is positive on all stable classes since it is assumed that 
it is positive on all holomorphic curves. The proof of the lemma goes as follows: 
PD(A) is an ample class by the Nakai-Moishezon criterion, thus, by Kodaira's 
embedding theorem, sufficiently large multiples of A are Poincare dual to very ample 
classes and the corresponding holomorphic line bundles have plenty of holomorphic 
sections whose zero loci are irreducible smooth holomorphic curves. 

In view of the two preceeding results, we would like to raise the following 
question. 

Question 3.14 Let A be a big and uj— positive class whose Poincare dual is 
non-negative on any stable class. Then, is a sufficiently high multiple of A repre- 
sented by a connected embedded symplectic surface? 

To shed more light on this question let us presently make a general remark on 
the constructions of smooth 2-dimensional submanifolds. In general there are two 
ways to do so. The first method, which we call 'mapping into', starts with mapping 
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a surface into M, and then deforming the map and possibly smoothing the image 
to an embedding. The second method, which we call 'mapping out', instead starts 
by choosing another manifold N and a codimension 2 submanifold S C N, and 
then taking the inverse image of a map from M into N which is transversal to S. 
For the 'mapping out' constructions, N is often taken to be a complex line bundle 
over M. 

The constructions of 2-dimensional symplectic submanifolds also follow the 
same routes. In fact, the constructions in Theorem 3.11 and Lemma 3.13 are 
clearly of the second kind. 

Let us presently turn to the 'mapping into' constructions. In §2 we start with 
a continuous map and then use transversality and the h-principles to deform it to a 
symplectic embedding. However, this method fails in dimension 4 and we can only 
obtain symplectic immersions with both positive and negative double points. 

As we already mentioned, only positively immersed symplectic surfaces can be 
smoothed to an embedded symplectic surface. One way to obtain positively im- 
mersed symplectic surface is to start with a connected embedded symplectic surface 
with positive self-intersection. Since being a closed symplectic submanifold is an 
open condition, we can perturbe it to several nearby symplectic surfaces intersect- 
ing each other transversally and positively. By smoothing the double points, we 
obtain the following result. 

Lemma 3.15 If a big class A is represented by a connected embedded symplectic 
surface, then for any positive integer k, the class kA is also represented as such. 

In fact, the same conclusion holds for a class with square zero by the circle sum 
construction (see [16] for details). 

In dimension 4, the most effective 'mapping into' approach to obtain a positively 
immersed symplectic surface is to construct a simple pseudo-holomorphic curve. 
Here a pseudo-holomorphic curve u : X — ► M is said to be simple if the restriction 
of u to any of its components is not multiply covered and no two components have 
the same image. The observation in [21] that any simple pseudo-holomorphic curve 
can be perturbed to an immersed pseudo-holomorphic curve C of the same genus 
for some nearby almost complex structure readily leads to the folowing result. 

Lemma 3.16 If A is represented by a simple J —holomorphic curve u : (£, j) — 
(M, J) for some uj— tamed almost complex structure J, then A is represented by an 
embedded symplectic surface. 

In view of Lemma 3.16, we say a class A is simple if it is represented by a 
simple J— holomorphic curve for some JsX- 

There are abundant simple classes in a Kahler surface. Let us recall some 
relevant facts here. In a Kahler surface (M, ui, J), holomorphic curves arise as the 
zero loci of sections of holomorphic line bundles. If a holomorphic line bundle is 
globally generated off a finite set of points, Bertini's Theorem will show that the 
generic section is smooth away from the base locus of the system. Since the zero 
locus is pure codimension one (locally defined by one equation), this shows then 
a generic divisor is a reduced curve. By the desingularization of curves, if C is a 
reduced curve in an algebraic surface, then there exists a compact Riemann surface 
C and a holomorphic map ip : C — ► C that is one-to-one over smooth points of C . 
Thus we have the following criterion of a simple class. 
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Corollary 3.17 If C is a holomorphic line bundle globally generated off a finite 
set of points, then PD(c\(C)) is a simple class and hence can be represented by an 
embedded symplectic surface. 

In particular, if a holomorphic line bundle is generated by global sections, then 
it is represented by connected embedded symplectic surfaces. Kawamata's base- 
point-free theorem ( |12j ) provides many such line bundles which are sufficiently 
high powers of certain nef line bundles. Another general source is the following 
theorem of Reider ([29]): Let M be a projective Kahler surface and C be an ample 
line bundle on M. If ci(£) 2 > 5 and ci(£)(r) > 2 for all irreducible curves T C M, 
then /C ® L is globally generated. In particular, K. <g> £ 3 is globally generated for 
any ample line bundle C. 

Finally, we describe the construction originated from the Seiberg-Witten theory. 
On a symplectic 4-manifold, given a cohomology class e, there is an associated Spin c 
structure C e whose c\ is equal to — K w + 2e. Witten observed that, on a Kahler 
surface, if the equations are deformed by positive multiples of Kahler forms, then the 
solutions correspond exactly to holomorphic sections of a holomophic line bundle 
with ci = e, therefore giving rise to holomorphic curves representing e. 

Taubes vastly generalizes this picture to symplectic 4-manifolds. He |34) starts 
by fixing a compatible almost complex structure on a symplectic 4-manifold (M, to) 
and then uses the induced metric to define the Seiberg-Witten equations. He is able 
to prove that, if the Seiberg-Witten invariant is non-trivial, then the solutions to 
the Seiberg-Witten equations for the Spin c structure C e deformed by a large multi- 
ple of the symplectic form gives rise to sections of the complex line bundle with c\ 
equal to e. Moreover the zero loci are (possibly disconnected) pseudo- holomorphic 
subvarieties. He further shows that, by imposing d(e) = K u ■ e + e ■ e number 
of generic point constraints, for a generic choice of a compatible almost complex 
structure, the pseudo-holomorphic subvarieties satisfying the constraints are essen- 
tially embedded pseudo-holomorphic submanifolds. Motivated by this remarkable 
result, Taubes |35j defines a Gromov type invariant counting embedded pseudo- 
holomorphic curves in a fixed class (in the connected case, an earlier attempt was 
made in [30j ). which we call the Gromov- Taubes invariant. The final piece in this 
grand picture is that the Gromov- Taubes invariant of PD(e) is the same as the 
Seiberg-Witten invariant for the Spin c structure C e at least when b + > 1. 

On a symplectic 4-manifold with b + > 1, one consequence of the Taubes- 
Seiberg- Witten theory is that the symplectic canonical class K u is a Gromov- Taubes 
class, hence is always realized by an embedded symplectic surface. Moreover, if e 
is realized, so is K u — e. 

When b + is 1, together with the wall crossing formula in [19] . we are able 
to prove in [18] that most big and to— positive classes in a minimal symplectic 4- 
manifold with b + — 1 are represented by a connected embedded symplectic surface. 
More precisely, we have 

Proposition 3.18 Let (M, u>) be a minimal symplectic A— manifold with b + = 
1. Let A be a big and lu— positive class. If A—PD(K M ) is also to—positive and has 
non-negative square, then A is represented by a connected symplectic surface. In 
particular, for N big, NA is represented by a connected symplectic surface. 

When M is not minimal, the same is true if we take into account the obstruc- 
tions coming from £ u , which is the set of the exceptional classes represented by 
symplectic —1 spheres. 
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Proposition 3.19 Let (M,lu) be a symplectic 4— manifold with b + — 1 and 
symplectic canonical class K u . Let A be a big and ui— positive class. Assume that 
A—PDfK^) is lu— positive and has non-negative square. Further assume that A-E > 
— I for all E £ S u . Then A can be represented by an embedded symplectic surface. 
Furthermore, if A ■ E > for all E £ E u , then the symplectic surface is connected. 

See also [5] and |31j for a purely symplectic approach to some of the conse- 
quences of the Taubes-Seiberg-Witten theory building on the existence of Lefschetz 
pencils by [4]. 

Remark 3.20 With a combination of the constructions above it is shown 
in |16j that, in fact every big and uj— positive class of a symplectic S 2 — bundle is 
represented by a connected embedded symplectic surface. 

In summary the situations where Question 3.14 has an affirmative answer are 
the following: 

1. b+ = 1. 

2. A is already represented by a connected embedded symplectic surface. 

3. PD(A) is close to the ray generated by [uj]. 

4. PD(^4) is an ample class of a projective Kahler surface. 
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